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Today’s Topic

* Deep Learning Frameworks
* Logistic Regression

* Neural Networks

* Backpropagation

e Autograd (in PyTorch)



Deep Learning Frameworks



Deep Learning Libraries

* Theano
* Probably the first popular deep learning framework
* Developed in MILA (Yoshua Bengio’s group)

e Caffe

e Deep learning framework in C++
* Developed in UC Berkeley

* MXNet

* Deep learning framework for speed and scalability
e Supported by Amazon

 TensorFlow
* PyTorch



Deep Learning Libraries

e Theano
Caffe

MXNet

TensorFlow 1.0
* Compile the model then execute.
* Big boilerplate.
* Supposed to be fast.
e Good for production.

PyTorch (Came from Torch written in Lua)
* Compile as you go.
* Small boilerplate.
e Supposed to be slow.
* Good for research.



TensorFlow VS PyTorch

* PyTorch is catching up

Pytorch vs Tensorflow: number of unique mentions

250 A

200 A

=

%]

[=]
!

# of unigue mentions

100

50 A

¢
2
<

naacl
naacl
icml
icml
cvpr
cvpr
nips
nips
iclr
iclr
iccv
iccv
emnlp
emnlp

FEXENER

‘|

— Pytorch

Tensorflow

2017

2018 2019
Year

250

200

150

100

50

2020



TensorFlow VS PyTorch

* PyTorch is catching up

Number of papers on arxiv.org that mention a given framework

Total: January to June of given year
Up 23%
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Alternatives

e TensorFlow 2.0
* Trying to be similar to PyTorch.
* Eager-mode (lazy compilation).
* JAX (& FLAX)

» Support higher-order differentiation.
* Good for calculating Hessian.



Logistic Regression



Logistic Regression

Maybe the most popular model in statistical studies
* A well-studied model. (Used since 19th century)

* Analysis of coefficients of predictor variables (i.e. explanatory variable,
independent variable, feature).

The logistic function

Multivariate Logistic Regression

1
1 4 b (Bo+Brz1+Bamate By Tm)

p

plylx)

where usually b = e.

“Logistic Function”



Odds

* Win Probability p
¢ 0.2,0.5,0.8
* [0,1]

* Odds
. 0dds(p) = ——
1—»p .

odds

*p=08 = Odds=4 .
ep=05 =2 Odds=1

4 6
Probability

*p=01 = Odds=0.1111... ; 2
* [0, inf)

Reference: https://stats.idre.ucla.edu/other/mult-pkg/fag/general/fag-how-do-i-interpret-odds-ratios-in-logistic-regression/



Log-Odds (Logit)

* Logit
* logit(p) = log(l?%p)

*p=0.8 =2 logit=1.3863
*p=05 =2 logit=0
*p=0.1 = logit=-0.9542
* (-inf, Inf)

logodds

T
10



Logistic Regression

 Linear Modeling of Logit

logit(p) = log( ) =By + By + - + B

1—p
2
l-p 1
P exp(By + Bi1x1 + - - - + BrT)
2
b= exp(By + Br1x1 + - - - + Brzk) » p— 1
1+ exp(By + Brxy + - - - + Brxk) 1 + b (BotBrz1+Pezat+ +ByTm)

where usually b = e.



Logistic Regression

e Vector form
* Inner product

1 5 1
— he(X) = =Pr(Y =1 X;6
g 1+ b—(Bot+Biz1+Brzo+: - +Bmzm) ( ) 1+ o—07X ( | )




Logistic Regression

e Vector form

D

* Inner product

. 1

B 1 —+ b_(50‘|‘/31$1+52$2+-~—|—ﬁma:m)

» he(X) =

1

1+ef,

Pr(Y =1] X;0)



Logistic Regression

e Vector form

D

* Inner product

1

B 1+ b_(!80+51331+52$2+- 4B Tm)

» ho(X) =

1

1+e

Image Representation Vector

0/1/0(0

0
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0

0

0
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1

1

Pr(Y =1 X;90)



Logistic Regression

* VVector form
* Inner product

! 5 1
— he(X) = =Pr(Y =1 X;6
g 1 4+ b= (BotBrzi+Pazat- -+ BpmTm) ) 1+ et X ( | )

Need to learn this to correctly predict for X (i.e. image representation vector)



Maximum Likelihood Estimate

 Need to estimate 6.
* Learn from data =2 Training pairs (X, Y1), (X5, ¥5), (X3, Y3), «+-» (Xn» YN)

* Log Likelihood Function

Probability Function Log Likelihood FJL\lrnction
1
ho(X) = i Pr(Y =1| X;0) N 'logL(f|z) =N logPr(y; | z;;0)
e

‘ 1=1

Negative Log Likelihood Function

1 & ) .
- — yn log g, + (1 — y,)log(1l —9,)
N n=1

¥

Likelihood Function

L@ z)=Pr(Y | X;0)

= [ Pr(yi | z:;0)
1
. 1—u. Negative Log Likelihood (NLL) is the same as
- H he(zi)" (1 — hy (%))( v) the Cross Entropy loss

t Yisa binary variable following the Bernoulli Distribution




Maximum Likelihood Estimate

 Need to estimate 6.
* Learn from data =2 Training pairs (X, Y1), (X5, ¥5), (X3, Y3), «+-» (Xn» YN)

* Log Likelihood Function

Probability Function Log Likelihood FJL\lrnction
1
ho(X) = i Pr(Y =1| X;0) N 'logL(f|z) =N logPr(y; | z;;0)
e

‘ 1=1

Negative Log Likelihood Function

1 & ) .
- — yn log g, + (1 — y,)log(1l —9,)
N n=1

¥

Likelihood Function

L@ z)=Pr(Y | X;0)

= [ Pr(yi | z:;0)
1
_ 1—u Minimize the negative log likelihood (NLL)
- H ho ()" (1 — hy (%))( v) by Gradient Descent

t Yisa binary variable following the Bernoulli Distribution




Neural Networks



Neural Networks

* Neuron

Cell body

Axon Telodendria

AN V4 y
Nucleus
Axon hillock Synaptic terminals

\\\%

Golgi apparatus

Endoplasmic /
reticulum X

L
Mitochondrion \ Dendrite

/ \1\& Dendritic branches



Neural Networks

e Artificial neuron

%
%
Inputs % (') =y
Output
x Activation

Function
Weights



Neural Networks

e Artificial neuron

(o) ¥ (Man or woman?)

Activation
Function

Weights

128 X 128 Image



Neural Networks

e Artific

Ia
/‘

16,384 eIements<

neuron

T|(T(0|0|O|O|T|O|O|O]|T|O

Weights

(e)

Activation
Function

V

-’

Output

(0~1)



Neural Networks

e Artificial neuron

1
Sigmoid function S(x) =

/ l1+e*®

(e) 3%

T|(T(0|0|O|O|T|O|O|O]|T|O

Activation
Function

Weights




Neural Networks

e Artificial neuron

1
Sigmoid function S(x) =

/ l1+e*®

(e) 3%

T|(T(0|0|O|O|T|O|O|O]|T|O

Activation
Function

What is this?

Weights




Neural Networks

* Logistic Regression

° Bias .
o Si df ti S —
° igmoid function S(x) e
o Yl /
Z X5 ‘
o] m—p o(®) '
: Output

E Cinti Activation

Function
Weights
Logistic Regression




Neural Networks

* Another layer of neurons.

T|r|o0|o0|(0f(0OfT|O|O|O(fT]|O




Neural Networks

* Another layer of neurons.

T|r|o0|o0|(0f(0OfT|O|O|O(fT]|O

SNONONG

Example: Feedforward neural network with one hidden layer of 4 neurons.

Assume hidden layer activation function = sigmoid function




Neural Networks

* Another layer of neurons.

T(1(ojo0|0|0|T(0|0O|0O|T|O




Neural Networks

* Another layer of neurons.

T(1(ojo0|0|0|T(0|0O|0O|T|O




Neural Networks

* Another layer of neurons.

T(1(ojo0|0|0|T(0|0O|0O|T|O




Neural Networks

* Another layer of neurons.

T(1(ojo0|0|0|T(0|0O|0O|T|O




Neural Networks

* 4 logistic regression classifiers (when using sigmoid activation)

T|r|o0|o0|(0f(0OfT|O|O|O(fT]|O




Neural Networks

* Higher-level logistic regression classifiers

T|r|o0|o0|(0f(0OfT|O|O|O(fT]|O




Neural Networks

* Higher-level logistic regression classifiers

Long hair?

T|r|o0|o0|(0f(0OfT|O|O|O(fT]|O

This is a 4-dimensional latent representation vector for the given image.




Training

* Need to estimate all parameter values

Sigmoid function

@ e, y(Oor1l)

T|T|0|0|O|jO|T|OfO|O|O|T|O

® © @ 6

16,384x4 + 4 parameters (without bias terms)




Training

* Need to estimate all parameter values

Assume hidden layer activation function = sigmoid function

. y(Oor1)

T|T|0|0|O|jO|T|OfO|O|O|T|O




Training

e Maximum likelihood estimation

— y(Oor1)

T|T|0|0|O|jO|T|OfO|O|O|T|O

Still a binary classification problem

Likelihood Function Log Likelihood Function
L(#|z)=Pr(Y | X;0) NllogL(f|z)=N""1 ZlogPr(yi | z;;6)
= HPr(yi | z;;6) =
i We need to minimize

- H g (i) (1 — R (;)) ) negative log-likelihood function



Training

* Minimize NLL with gradient descent.

T|T|0|0|O|jO|T|OfO|O|O|T|O

Likelihood Function

= HPr Yi | z;;6)

— Hh9 )% (1 — hg xz))(lfyi) 1

N £

Still a binary classification problem

Log Likelihood Ij\ynction

L(#|z)=Pr(Y | X;0) N llogL(@|z)=N""! ZlogPr(yi | z;; 60)

We eed to minimize

[yn log §,, + (1 — yn) log(1 — @n)]



Training

* Updating w,

T|T|0|0|O|jO|T|OfO|O|O|T|O




Training

* Updating v, ,

T|T|0|0|O|jO|T|OfO|O|O|T|O

ONLL

new — old _
= Vi1

Vi1

avl,l




Backpropagation



Training

* Backpropagation
Multiple hidden layers
Multiple output nodes (e.g. multi-class classification)

Reference: https://medium.com/@erikhallstrm/backpropagation-from-the-beginning-77356edf427d



Training

* Backpropagation

Given an input-output pair (z,y), the loss is:

Cly, (W W WP (Wa)--))

Reference: https://medium.com/@erikhallstrm/backpropagation-from-the-beginning-77356edf427d



Training

* Backpropagation




Training

* Backpropagation

Derivative of the loss function C w.r.t. input x

dC da® . dzt _ dal1 . dzt—1 da' _ 0zt
dat dzl dal! dzL-1 dal—2 dz!' Oz




Training

* Backpropagation

Derivative of the loss function C w.r.t. input x

dc da® - dzl _ dal1 . dzt1 dal - 0zt
dat dzt dat! dzEl-1  dal2 dz! Oz

\ 4
E . (fL)! . WL . (fL—l).' -WL_l (j_-l)r 'Wl

dat
4

VoC=(WHT- (1) o (WEHT (57 (WE) - (F5) - Ve C

Define delta (error at layer |)
51 — (f.l)r . (W£+1)T . (WL—l)T . (fL—l)r . (WL)T . (fL)r . VaLO



Training

* Backpropagation

Define delta at each neuron
5:'-:.-3 How much the cost (loss) function changes
when the input to the k-th neuron at layer | changes.

L-1




Training

° Backpropagation Derivative of the loss function C w.r.t. input x
V,C = (WI)T . (fl).' . (WL—I)T . (fL—l)f . (WL)T . (fL)J ) VGLC

Define delta (error at layer |)

a a §— (fl)r . (WHl)T . (WL—l)T . (fL—l)r . (WL)T . (fL)r V. C
Deltas at each layer
51 — (fl)f . (Wz)T . (f2)f o (WL—l)T . (fL—l); . (WL)T . (fL)I . VGLC
F = () oo WA (1) (W - (£ - V0
w' '

5L- 1‘= (fL— l)t . (WL)T . (fL)l . VGLC
6L = (.)‘?L)‘r ' vaLC:



Tralning

° Backpropagation Derivative of the loss function C w.r.t. input x
V,C = (WI)T . (fl).' . (WL—I)T . (fL—l)f . (WL)T . (fL)J ) VGLC

Define delta (error at layer |)
611 — (fd)r . (WHI)T o (WL—l)T . (fL—l)r . (WL)T . (fL)r . VaLO

¢ at Deltas at each layer
51 — (fl)f . (Wz)T . (f2)f o (WL—l)T . (fL—l); . (WL)T . (fL)I . VGLC
52 — (f2)f . (WL—I)T . (fL—l).f ) (WL)T ) (fL)r ] VGLC
o0 0 .
5L- 1‘= (fL 1); . (WL)T . (fL)l . VGLC
6L = (fL)‘r ) vaLC:
w Delta can be recursively defined!

51—1 — (fl—l).’ ) (WI)T . 6‘.’3

Derivative of C w.r.t weights can be defined via delta

dNLL
dw,

VWI C = 5'! (al_l )T Needed for =» w, "W = w,°d -



Training

° Backpropagation Derivative of the loss function C w.r.t. input x
V,C = (WI)T . (fl).' . (WL—I)T . (fL—l)f . (WL)T . (fL)! ) VGLC

x Define delta (error at layer |)
611 — (fd)r . (WHI)T o (WL—l)T . (fL—l)r . (WL)T . (fL)r . VaLO

¢ at Deltas at each layer
51 — (fl)f . (Wz)T . (f2)f o (WL—l)T . (fL—l); . (WL)T . (fL)I . VGLC
52 — (f2)f . (WL—I)T . (fL—l).f ) (WL)T ) (fL)r ] VGLC
6L- 1‘= (fL 1); . (WL)T . (fL)l . VGLC
6L = (fL)‘r ' VaLC:
w Delta can be recursively defined!

51—1 — (fl—l).’ ) (WI)T . 6‘.’3
Backprop is faster than forward-prop!

: Derivative of C w.r.t weights can be defined via delta
But need to store (f!)’, a for every node in every layer. &

dNLL
dw,

VWI C = 5'! (al_l )T Needed for =» w, "W = w,°d -



Autograd (in PyTorch)



In Practice

 Computer does backpropagation for you.
* Autograd
* Theano, TensorFlow, PyTorch

* A neural network model is represented as a Directed Acyclic Graph
* Each node contains a mathematical operation.
* Each node contains the derivative of the math operation.
* The error signal is propagated from the output nodes to the input nodes.



Math Program as DAG

* x: [[1, 1], [1, 1]]
*a=x+2
eb=a*a*3

* ¢ = b.mean()



Math Program as DAG

* x: [[1, 1], [1, 1]]

ea=Xx+2

eb=a*a*3
b.mean()
* ¢ = b.mean() e



Math Program as DAG

* x:[[1, 1], [1, 1]] b.mean()

oa:X+2

eb’=3a *3 y*a(’

eb=Db *3
o C:b.mean() a*a



Math Program as DAG

* X [[1; 1]) [1’ 1]] b.mean() e grad_fn: Mean Each grad_fn has
*a=x+2

e forward
eh' =g * 3 ) * Compute forward propagation
eb=b*3 b"* 3 Q grad_fn: MulConstant * Save input & misc. for backward
- * backward
* ¢ = b.meanl) * Given &', calculate §'1
a™a @ grad_fn: Power * Calculate V,;:C = d'(a'")", if necessary

X+ 2 e grad_fn: AddConstant



Math Program as DAG

o v°

X. [[11 1]1 [11 1]] b.mean() e grad_fn: Mean
e qg=X+2
° b' =a * a

b’ * 3 Q grad_fn: MulConstant
ehb=b’" *3 dc dc 0b
ab’ ob ob’

° =

C b-mean() a*a @ grad_fn: Power

dc dc db ab’
da _0b 0b' da

X+ 2 e grad_fn: AddConstant

dc 0dc 0b 0b' 0da
ax db ab’ da ax




Math Program as DAG

o v°

X. [[11 1]1 [11 1]] b.mean() e grad_fn: Mean
e qg=X+2
° b' =a * a

b’ * 3 Q grad_fn: MulConstant
ehb=b’" *3 dc dc 0b
ab’ ob ob’

° =

C b-mean() a*a @ grad_fn: Power

oc _dc 0b 9b' dc Ob’
da _0b 0b' da 0b' 0da
X+ 2 e grad_fn: AddConstant

dc 0dc 0b 0b’ aa dc da
ax db ab’ da ax aa dx




Math Program as DAG

* x: [[1, 1], [1, 1]]

*a=Xx+2
eb’'=a*a
eb=Dpb" *3

* ¢ = b.meanl)

b.mean()

b” * 3

a*a

X+ 2

C

b

bl

grad_fn: Mean

dc
db

g*ad\in: MulConstant

dc

dc

db

ob'

ab|

ab'

ME\

dc

_dc db 9b' |ac| ab’

da

~0b db' 0da |0b| da

agM

ac_ac ob 0b’ aa_ac

da

dx 0b db' 0da 0x |da|

dx
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Neural Networks

* There is a matrix between layers

0

-------------

T|(T|0|0|O0O|O|T|O|O|O|T

1 1
1
|\ ’

\ 4 X 16,384 parameters between input and hidden layer.




Neural Networks

* Weight matrix

—————————————————

T|r|o0|o0|(0f(0OfT|O|O|O(fT]|O

\ 4-by-16,384 weight matrix




Neural Networks

* Weight matrix

—————————————————

'I

]

= !

i ! @
!
!
®
1

! ! o

(o[ eJole[a o oo o[t [-] -] -1 X | i

= - (hy

- !
1
!
®
!
!
1

\ 4-by-16,384 weight matrix



Neural Networks

* A bit of linear algebra

T

T|7/0|0(O|O|T|O|O|O|T]|O




Neural Networks

* A bit of linear algebra

T|r|o0|o0|(0f(0OfT|O|O|O(fT]|O

i




Neural Networks

* A bit of linear algebra

——————————————————

T|r|o0|o0|(0f(0OfT|O|O|O(fT]|O

N
_________________

Sum operation




Neural Networks

* A bit of linear algebra

T|r|o0|o0|(0f(0OfT|O|O|O(fT]|O




Representation

* Hidden representation (i.e. latent representation)

T|r|o0|o0|(0f(0OfT|O|O|O(fT]|O




Representation

* Hidden representation (i.e. latent representation)
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Representation

* Hidden representation (i.e. latent representation)

T|r|o0|o0|(0f(0OfT|O|O|O(fT]|O




Representation

* Hidden representation (i.e. latent representation)

o

T(1(ojo0|0|0|T(0|0O|0O|T|O




Representation

* Hidden representation (i.e. latent representation)

T|T|]0|l0(0O|O|T|O|O|O]|T]|O
%
»n U
Iz
Q1 =
S




Representation

* Hidden representation (i.e. latent representation)

This is logistic regression

T|T|10(0j0|0O|T|O|JO|O|T|O
%
»n @«
Iz
=
<=2
& 9
>
v
<
S
o
=
=




Representation

* Hidden representation (i.e. latent representation)

o

= This is logistic regression

° A

= 4 A
- Sigmoid function

bt Sle) = 1 —&—16*””

o )] > vy (0Oor1)
o

o

=

=

|

Hidden (i.e. Latent) image representation




Representation

* Logistic regression VS feedforward neural network

Sigmoid function

1
S(z) =
(2) 1+e®

> y(0Oor1)

T{1(0(0|0O|0O|T|0O|0O|O|T|O

Image representation



Neural Networks

* Logistic regression VS feedforward neural network

Sigmoid function

1
S(z) =
(2) 1+e®

' > > y(0or1)

|

Hldden (i.e. Latent) image representation

T(1(ojo0|0|0|T(0|0O|0O|T|O




